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Graph Isotopy

Graph isotopy

Input: A graph G embedded in two different ways on a surface S .
Output: Whether the two embeddings are isotopic.

We propose efficient algorithms to solve this problem.
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Motivations
I Geographic Information Systems.
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Input 1: Planar graphs

Input: Set of obstacle points P , embeddings G1 and G2 where
each edge is a polygonal path.

Theorem
We can test in time O(n3/2 log n) whether G1 and G2 are isotopic.
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Input 2: Graphs on surfaces
The surface is described by a triangulation T (or a cellularly
embedded graph). The embeddings of G1 and G2 are described by
their intersections with T .
Input: Arrangement of G1 and G2 with the graph T .

Theorem
If S is an orientable surface, we can test in linear time whether G1
and G2 are isotopic.
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Homotopy vs Isotopy
Isotopy : Continuous family of homeomorphisms between two
objects.

Homotopy : Continuous deformation between two objects.

I Isotopic objects are homotopic.

Theorem ( Cabello Liu Mantler Snoeyink ’02)
Input 1: One can test whether two cycles on a plane with
obstacles are homotopic in O(n3/2 log n).

Theorem ( Dey and Guha ’99, Lazarus and Rivaud ’12)
Input 2: One can test whether two cycles embedded on a surface
are homotopic in linear time.
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A first idea

Idea: Test whether G1 and G2 have the same combinatorial maps.
Idea: Test the homotopy of all facial cycles in G1 and G2.
Necessary but not sufficient conditions.

Not trivial even on the plane with obstacles.

I Improve the algorithm : Test more cycles.
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Necessary and sufficient conditions

Theorem ( Ladegaillerie ’84)
If the following conditions are fulfilled :

1. G1 and G2 have the same combinatorial maps (roughly).

Quite easy to test, skipped.

2. The images of each cycle (possibly with repeated vertices and
edges) in G1 and G2 are homotopic.

Reduce this infinity of cycles to a finite, low complexity
family of cycles : the skeleton of G.

Then G1 and G2 are isotopic.
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High level algorithm

1. Test whether G1 and G2 have the same combinatorial maps.
Output FALSE if negative.

O(n log n) O(n)

2. Compute a skeleton Γ of the graph of linear complexity.
3. Test whether the embeddings of the cycles in Γ are homotopic.

Output TRUE if all the tests are positive, FALSE otherwise.

O(n3/2 log n) for planar graphs
using [Cabello Liu Mantler
Snoeyink ’02]

O(n) using [Dey and Guha ’99,
Lazarus Rivaud ’12]

Complexity for planar
graphs:O(n3/2 log n)

Complexity for graphs on
surfaces:O(n)
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Skeleton
Idea : Surround G1 with cycles.

Linear complexity.

A family of cycles Γ embedded on S is called stable if none of the
faces of the graph Γ which are disks have degree 0, 1, 2 or 3.
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Isotopies of stables families

Theorem (Main technical lemma)
Let Γ1 and Γ2 be stable families of cycles on S such that :

I There is an oriented homeomorphism h sending Γ1 to Γ2.
I Each cycle in Γ1 is homotopic to its counterpart in Γ2.

Then there is (almost) an isotopy between Γ1 and Γ2.

I Inspired by [de Graaf and Schrijver ’97]
I Main tool: Hyperbolic geometry.
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Final notes

Extensions:
I Graphs with fixed vertices.
I Graphs with vertices on the boundary.

Open problems:

I Non orientable case.
I Shortest isotopic graph embedding.

Thank you !
Questions ?
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